Based on meta-modeling which allocates structural mechanics as mathematical approximation of continuum mechanics, we propose a consistent mass spring model (CMSM) for structural seismic response analysis; the consistency guarantees agreement of dynamic characteristics of CMSM with a solid element model. We develop a method of constructing CMSM and verify the method using a simple example. We apply the method to a part of highway bridge consisting of deck and a few piers. It is shown that the constructed CMSM has identical dynamic characteristics of the original model, and is able to estimate dynamic responses such as displacement and cross-sectional forces.
INTRODUCTION
It is a common practice to develop a set of different fidelity models at the beginning of analyzing a complex structure 1) , 2) . If a model of desired fidelity could be constructed, we can choose the most suitable one and operate numerical simulation. Such model selection is more important for dynamic structural seismic analysis which requires larger amount of numerical computation, compared with quasi-static analysis.
There is a trade-off between the accuracy of analysis and the fidelity of the model. However, different fidelity models ought to share the fundamental dynamic characteristics such as natural frequency. Or, as for numerical analysis (not for comparison of observed or experiment data), it is meaningless to compare seismic responses of models which have different fundamental dynamic characteristics.
A mass spring model is standard on account of its simplicity and conservative response predictions; see references 3 ),4),5), 6) . Lumped mass for each mass point is estimated from the portion of the weight of target structure, which is called "tributary area consideration". There are mainly two ways to estimate stiffness of spring, namely, a static method and a geometric method 3), 7) . The static method uses an arbitrary static load applied to a single layer of the structure just like a pushover analysis 8), 9) . The geometric method considers the geometric shape of cross-section to calculate sectional moment of inertia and shear-coefficients.
An ordinary mass spring model explained above does not consider the consistency with other more sophisticated models. This is mainly because it is easy to reproduce observed or synthesized dynamic response by tuning stiffness of springs. However, it is surely desirable that a mass spring model that has the same fundamental dynamic characteristics as more sophisticated models is constructed.
The authors are proposing meta-modeling 10),11), 12) theory, which allocates structural mechanics as mathematical approximation of solving a Lagrangian problem of continuum mechanics. In other words, structural mechanics solves the same physical problem of continuum mechanics applying distinct mathematical approximations. Therefore, it is well expected to construct a mass spring model of the same fundamental dynamic characteristics as a continuum mechanics model, according to the meta-modeling theory. This paper seeks to develop a method of constructing a mass spring model that shares the same fundamental dynamic characteristics as a continuum mechanics model. The contents of this paper are as follows. First, the concept of meta-modeling is briefly explained in Section 2. In Section 3, we clarify approximations which are made in deriving governing equation for mass spring system from continuum mechanics theory. Numerical verification of a developed consistent mass spring model is carried out by considering a simple non-prismatic cantilever beam problem in Section 4. We carry out numerical experiments to examine behavior of response of a consistent mass spring model for single and multi-span bridge structures in Section 5. Some concluding remarks are made at the end.
META-MODELING THEORY
In the meta-modeling theory, modeling means to create a set of mathematical problems for a target physical problem. There are many ways to develop a distinct mathematical problem, depending on the accuracy that is expected in solving the target problem. The meta-modeling theory delivers a set of consistent modelings which produce an approximate solution of the original modeling; the meta-modeling theory uses continuum mechanics modeling as the original modeling. Some of structure mechanics modelings are specified as consistent modelings of the continuum mechanics modeling. Then, those consistent structure mechanics modelings produce approximate solutions of the continuum mechanics modeling.
To explain the meta-modeling theory in detail, we start from a simple elastic body, , with an isotropic elasticity tensor and density, denoted by and respectively. The standard Lagrangian of is
where =̇ and = { } are velocity and strain computed by displacement , • and : are the inner product and second-order contraction, respectively, and ( . ) and ( . ) are temporal derivative and gradient of ( . ).
The non-conventional Lagrangian employed by the meta-modeling theory is
where is stress, and −1 is the inverse of . Since the term in the parenthesis in Eq. (2) equals which is the one-dimensional stress-strain relation expressed in terms of Young's modulus 13) . This relation is used for a beam theory 14) , and no physical assumption is needed in deriving this relation.
Similarly, we can derive a two-dimensional stressstrain relation of plane stress state, just by employing whose non-zero components are 11 , 22 and 12 . We do not have to assume plane stress state, but we can obtain this stress state by just approximating functions.
CONSISTENT MASS SPRING MODEL
A mass spring model is a set of masses and linear springs, and the direction of the mass movement is fixed. As the simplest case, we study a mass spring model which consists of two masses. We seek to construct a mass spring model which shares the same fundamental dynamic characteristics as continuum mechanics; this model is called consistent mass spring model (CMSM).
(1) General formulation
According to the meta-modeling theory, we consider an approximate displacement function of the following form:
where is displacement of the α-th mass point and is the corresponding approximate displacement function.
By definition, the displacement is required to satisfy the following two requirements: A1) ( ) is a unit vector. A2) ( ) vanishes for ≠ . Here, is the location of the α-th mass point. We
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substitute Eq. (3) into Eq. (1), and obtain
where When is isotropic, we can construct a consistent mass spring system using Young's modulus only. We introduce whose non-zero component is 11 only; we choose the 1 -axis as the longitudinal direction for a structure like a bar or a beam. Substitution of Eq. (3) and 11 = into Eq. (2) leads
where
It follows from δℒ * = 0 with respect to that
and ℒ * becomes
Note that only appears in this ℒ * , unlike ℒ with that is computed by using .
(3) Utilization of dynamic modes
Dynamic modes ought to be used in constructing a mass spring model, so that it shares the same fundamental dynamic characteristics with a continuum model. We suppose that two dynamic modes { , } ( = 1 or 2), are given; is a mode shape and is a natural frequency. Recall that the dynamic mode satisfies ( )
and
for ≠ . For simplicity, we use ℒ of Eq. (1), and, substituting = ∑ into it, we obtain
Due to the orthogonality, Eq. (11), { } does not produce cross terms. Furthermore, due to Eq. (10), it is readily seen that and of Eq. (13) satisfy ( ) 2 = , (14) for = 1 and 2. Now, we seek to find suitable linear combination of { } that satisfies the requirements A1 and A2. To this end, we consider the following combination:
where is a component of two-by-two matrix. It is readily seen that this matrix can be determined when 1 and 2 do not change the direction and are parallel to each other.
VERIFICATION OF CMSM (1) Problem setting
A non-prismatic 3D cantilever beam with uniform thickness is employed, as a simple example of constructing a CMSM; see Fig. 1 for geometric configuration and material properties of the beam. Linear isotropic elasticity is assumed. A solid element model is constructed for this beam. We consider dynamic response in the y-and z-directions and call as case of in-plane and case of out-of-plane, respectively. Dynamic modes, { , }, are separately computed for these cases.
We locate two mass points at 2 m and 1 m distance from the fixed end. First two dynamic mode shapes, { } , and approximate displacement functions, { α }, in the z-direction are displayed in Figs. 2 and 3, respectively. A schematic view of the CMSM with the third spring that connects the top mass to the ground is shown in Fig. 4 Tables  1 and 2 . The ground motion which is rich between 5 Hz to 10 Hz in frequency domain is used as input for this test in both cases; see The difference in the responses of out-of-plane case is due to the fact that the CMSM uses only the first two modes and there is significant contribution of third mode in this case. However, when response mainly depends on first two modes, the difference is small such as in case of in-plane. The relative errors of maximum displacement between solid model and CMSM are presented in Table 5 .
The base shear of the cantilever beam is computed. There are two approaches for computing this force. The first approach is conventional, and the base shear, , is computed as the product of the stiffness and displacement, as
The second approach uses the approximate displacement function and the resulting stress. The cross-sectional force is computed as follows:
where = corresponds to the base of the beam, is the unit normal on base, and the surface integration is made on the base. This computation is logical in the sense that the present CMSM is essentially the same as the modal analysis 5),6), 15) , and is able to compute local responses by using the approximate displacement, i.e., = ∑ . The base shears computed by using Eqs. (16) and (17) are presented in Fig. 7 for case of in-plane. It is displayed for the time interval selected from the full response. The base shear computed by using the solid element model is also presented as the reference. As is seen from Table 6 , the relative errors of the first approach are much higher than those of the second approach. It should be noted that, according to the definition of the spring constants, Eq. (13), the force given by Eq. (16) is regarded as an average of forces acting in the beam; see Appendix A for a detailed explanation. However, both the methods give huge relative errors for base shear estimation in case of outof-plane due to higher mode effect; see Table 6 . 
Damping ratio ( ) = 5%
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CMSM FOR BRIDGE STRUCTURE
(1) Single-span simple bridge structure a) Problem setting A CMSM is constructed for a single span bridge structure, and it is exposed to time history analysis.
Ground motion is input in the longitudinal direction of the bridge, and the response in the same direction is computed. Input ground motion for this example is shown in Fig. 8 which is rich in low frequency. Deck structure of this bridge acts as rigid body in both the longitudinal and transverse directions of bridge due to provided boundary conditions for it. Tie connection (perfectly fixed condition) is used for the connection between the pier and deck in this problem. Two mass points of the CMSM are located along the pier axis; see Fig. 9 . Table 7 shows material properties of both pier and deck structures. Linear isotropic elasticity is assumed. First, the solid element model is constructed to obtain the first two dynamic modes in the longitudinal direction. In Fig. 10(a) , the mode shapes, 1 and 2 , are displayed. Next, the CMSM parameters are estimated by using the computed first two dynamic modes in the longitudinal direction of the bridge. The results are summarized in Tables 8 and 9 . Finally, time history analysis is conducted for both the solid element model and the CMSM to obtain the deck structure displacement response and the resulting shear force at the pier base by inputting the target ground motion in the longitudinal direction of the bridge. The base shear force of the CMSM is estimated by employing Eq. (17).
b) Results and discussion
Developed approximate displacement functions of the CMSM, 1 and 2 , are displayed in Fig. 
10(b).
It is clear that these displacements fulfill the requirement A1 that is discussed in Section 3. The first two natural frequencies of the CMSM match those of the solid element model, as expected; see Table 10 . The deck displacement in the longitudinal direction of the bridge computed from the solid element model and the displacement of the first mass point of the CMSM are shown in Fig. 11 for the time interval selected from the full response. These are in good agreement since input ground motion is rich in the first two natural frequencies. The relative error of the CMSM estimation is around 3.75%. In this case, this simple bridge structure vibrates mainly in the first dynamic mode.
It is clear that a CMSM is able to make accurate estimate of displacement, by identifying major dynamic modes of a target structure subjected to given ground motion; these modes are included into the construction process of the CMSM. According to Eq. (17), a displacement field which is computed by the CMSM leads to accurate estimate of the base shear force, as well. As shown in Fig. 12 , the relative error of estimating the base shear is around 4.92%. Table 3 Natural frequency of CMSM and solid model along ydirection (case of in-plane). Table 5 Relative error for maximum displacement between solid model and CMSM. (2) Multi-span continuous bridge structures a) Problem setting As a more realistic example, a CMSM is constructed for a multi-span continuous bridge structure. Three structures with different types of pier arrangement are studied; see Fig. 13 and Table 11 . Like the previous case, the longitudinal and transverse directions are considered separately. The CMSM for the transverse direction includes two dynamic modes while that for the longitudinal direction uses only first Table 10 Natural frequency along longitudinal direction of single span simple bridge structure. 
mode. This is because in the longitudinal direction, the effective mass ratio of first mode is more than 90% which is sufficient to get better response from CMSM analysis. Tie connection is used for the connection between the pier and the deck in this problem. This is the simplest connection, and more sophisticated connection could be used if more detailed information is available for the connection. A spring of 2 GN/m spring constant in the longitudinal direction is attached at the left end of the deck in cases 1 and 2, while no spring is attached at the right end; see Fig.  13 where the left and right ends are designated by A and B, respectively. Table 12 shows the material properties of both the pier and the deck. Linear isotropic elasticity is assumed. Configuration of an actual pier and approximate pier is displayed in Fig. 14 . The cross-section of the deck is shown in Fig. 15 , and the geometrical properties of this cross-section are summarized in Table 13 . The ground motion displayed in Fig. 8 is employed.
First, instead of a solid element model, we construct a simpler frame element model, in order to obtain first two dynamic mode shapes in the transverse direction ( 1 and 2 ) and first dynamic mode shape Table 12 Material data of multi-span bridge models.
Fig. 13
Geometric and mass points' information about multi-span bridge models. Fig. 16(b) . Second, we determine locations of mass points along the deck axis, considering target locations of response output from the model; see Fig. 13 . Third, CMSM parameters are computed from the dynamic mode shapes and the mass points' location.
b) Results and discussion
Natural frequencies of the CMSMs in the longitudinal and transverse directions are presented in Tables 14 and 15, respectively; the natural frequencies of the original frame element models are presented, too. As is seen, the natural frequencies of the CMSMs coincide with those of the frame element models.
Time series of displacement responses of the CMSM is compared with that of the original frame element model; see Figs. 17(a) and (b) for case 1. It is seen that the response of the CMSM matches well with that of the frame element model. Relative errors of the maximum displacement in the longitudinal and transverse directions of the CMSM are presented in Tables 16 and 17, respectively. As is seen, the maximum relative error in all the cases is 2.637%.
Next, shear force and bending moment at the base of the fourth pier (P4) are estimated; see Fig. 13 for the location of P4. Equation (17) is used to estimate base shear, , and the bending moment acting on the base ( = ) is computed as Table 14 Natural frequency of multi-span bridge models along longitudinal direction of bridge.
Table 15
Natural frequency of multi-span bridge models along transverse direction of bridge.
Fig. 15
Cross-section of bridge deck in multi-span bridge models. 
CONCLUDING REMARKS
In this paper, we propose a method of constructing a consistent mass spring model (CMSM) for a bridge structure. While it contains additional springs in comparison to conventional mass spring models, the CMSM shares fundamental dynamic characteristics. The modeling of CMSM does not require any tuning of parameter which is essential process of typical mass spring system. The proposed CMSM is able to yield structure seismic responses which agree well with those of original models. In particular, the resultant force at a specific cross-section can be estimated accurately.
There is a possibility of constructing a more accurate CMSM, by extending the number of the mass points. Also, there is a possibility of extending a CMSM to non-linear structural analysis from which we can earn more advantages by saving computational resources. At least, it is straightforward to apply the meta-modeling to incremental responses of a non-linear elasto-plastic structure.
APPENDIX A CONVENTIONAL FORCE COMPUTATION
For simplicity, we consider a force acting on the spring that connects the first and second masses. That is, ( ) = 2 ( 2 ( ) − 1 ( )) . By definition, the spring constant 2 is expressed in terms of * s, which is computed by using ∫ : : d . This integration is the volume integration of the square of the mode gradient over (or the entire structure). More explicitly, denoting by , we can rewrite the volume integration as is the stress field that is associated with the -th mode, . The volume integration is interpreted as the weighted average of this stress; the weight is the gradient of the mode. Table 19 Relative error for maximum resulting force at base of P4 between frame model and CMSM along transverse direction (CMSM for transverse direction).
